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1 Description
We present efficient algorithms able to over-estimate/under-estimate/approximate any arbi-

trary univariate nonlinear derivable function by a non necessarily continuous (nnc) piecewise
linear function that minimizes the number of linear segments with a guaranteed tolerance. The
algorithms are based on the piecewise linear bounding method recently proposed by [3] and
methodological contributions from [1] that will be presented, such as a generalization of the
approach to a larger class of tolerance types than the absolute and relative tolerances from [3].

The package proposed is named LinA and is compatible with JULIA 1.0.1 and onward. It
is available at the following address : http://homepages.laas.fr/sungueve/LinA.html. It
accepts as input the expression of a function, the type of error requested (relative or absolute)
and optionally the type of over-/under-/approximation expected (by default approximation)
and the algorithm desired (by default it uses the heuristic). It is also possible to define custom
error types. Functors are used to make the syntax as natural as possible as shown in FIG 1
that presents a simple example that will be explained during the talk.

FIG. 1 – Simple example of the LinA syntax



2 Some computational results
Computational results on nonlinear functions approximation benchmark show the efficiency

of the package, as illustrated for example on TAB 1 (where ‘-’ means ‘results not provided’).

input
δ

continuous approximation nnc approximation
function [4] [5] [2] [3] LinA

Exact Heuristic Exact Heuristic
f1 0.1 Frac. sec. 0.1 s 26 s - - 0.006 s 1.3 ms

0.05 Few sec. 0.1 s t.o.1200s - - 0.003 s 1.6 ms
0.005 Sec 128.2 s - 172 s 16 s 0.002 s 1.6 ms

f2 0.1 Few days 1.9 s - 77 s 8 s 0.23 s 13 ms
0.05 t.o.1800s/it 12 s - 64 s 12 s 0.18 s 12 ms
0.01 t.o.1800s/it 13873.4 s - 114 s 23 s 0.20 s 11 ms
0.005 t.o.1800s/it 42068.4 s - 784 s 27 s 0.19 s 13 ms

f1 : x→ ln(x) with x ∈ [1; 32] ; f2 : x→ 1.03e−100(x−1.2)2 + e−100(x−2)2 with x ∈ [−2.5; 2.5]

TAB. 1 – Computing times for the piecewise linear approximation of nonlinear functions with absolute
tolerance δ, i.e. the approximation function l verifies |f i(x) − l(x)| ≤ δ, ∀x ∈ definition domain of f i

(also note that t.o.k refers to a time out reported in the publication for a time limit of k seconds)

LinA can be used to solve certain classes of MINLP problems with linear constraints and
a nonlinear objective function separable in a sum of univariate nonlinear terms. TAB 2 shows
some results obtained on the congested multicommodity network design problem (cMCND [6])
with multiple nonlinear congestion functions to approximate per instance, one per node of the
graph. These preliminary results suggest that results competitive with the state-of-the-art can
already be obtained with minimal effort and no consideration on the problem structure.

cMCND instance Literature ([6]) LinA+MILP
c36_0.8_0.8 21,528 s 14,59 s
c49_0.8_0.6 172,255 s 118,17 s
c50_0.8_0.6 2609,568 s 2575,08 s

TAB. 2 – Results on instances of the multicommodity network design with congestion
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